Using an idealized model of a partial differential equation with parameterization "on-off" switches in the forcing term, the impacts of on-off switches on the variational data assimilation (VDA) are investigated in this paper.
Introduction
With the physical parameterization processes being included in variational data assimilation (VDA) systems, two problems have become apparently significant. The first is to find out how physical "on-off" switches influence the VDA. The second is how to deal with the problems caused by parameterization on-off switches in VDA using the adjoint method. The objective of VDA is to find the solution to the constraining forecast model that will best fit the observations. A cost function (CF) is used to measure the fit and an unconstrained minimization scheme is used to iteratively produce the minimum of the CF, in which the values of the CF and the gradient of the CF with respect to the initial condition (IC) are required. Adjoint methods are often adopted to obtain the gradient of the CF in practice, but there is a problem that should be solved to guarantee that the adjoint approach can be applied. That is the determination of the validity of this method, since adjoint models are initially derived from differentiable systems of equations (Le Dimet and Talagrand 1986) .
The theoretical study on physical on-off switches has been made by many investigators in recent years (Bao and Warner 1993; Vukicevic and Errico 1993; Zou et al. 1993; Verlinde and Cotton 1993; Zupanski 1993; Zupanski and Mesinger 1995; Bao and Kuo 1995; Xu 1996a Xu ,b, 1997a Xu 1998; Xu and Gao 1999; Zou 1997; Lu and Browning 2000; Zhang et al. 2001; Mu and Wang 2003) , and the results show that for the model with discontinuous on-off switches in the source term, on-off conditions introduce difficulties in the VDA using the adjoint method.
Using an idealized model of an ordinary differential equation (or systems of ordinary differential equations) with parameterization on-off switches in the forcing term, Xu (1996a Xu ( ,b, 1997a investigated the impacts of on-off switches on VDA and introduced the generalized tangent linear and adjoint models to compute the gradient of the associated CF. He also illustrated in (Xu 1996a, section 4b ) that zigzag oscillations would be produced in the numerical solution when the parameterization process produces strong negative feedback. Through a simple model similar to the one investigated in (Xu 1996a) , some investigators demonstrated that the traditional time discretization at switches in the discrete forward model could result in the association discrete CF containing small zigzag discontinuities (Xu 1997b; Zhang et al. 2001; Mu and Wang 2003) . Further-more, Xu (1997b) proposed the intermediate time step method to deal with the discontinuous dependence of the discrete CF on the IC. The essential of this approach is to accurately determine the switch time in the discrete case. In addition, Mu and Wang (2003) also indicated that an optimization with the gradient computed by Zou's approach (i.e., keeping the on-off switches in the tangent linear model and the adjoint model the same as in the nonlinear model; Zou et al. 1993; Zou 1997) , would yield an unsatisfied optimization retrieval in some cases.
For a model of a partial differential equation with parameterization on-off switches in the source term, the switch time is usually a function of the space variable, and the influences of the switches would propagate with time and space. This paper focuses on the numerical treatment of on-off switches occurring in such a model and its influences on VDA. In addition, we also consider the issue of what modifications are needed so that not only the physical on-off switches can contribute to the change of the model prognostic variables in space and time, but also the cost of the computation in the VDA will not increase too much. The former part of this problem was set forth by Zou (1997) and considered by her in a case where the governing equation is an ordinary equation containing on-off switches.
The organization of this study is as follows. A brief analytic analysis is presented in the following section. Section 3 is devoted to illustrating the problems caused by simple treatment at the on-off switches of the discrete forward model. How to modify the difference scheme at the switch times for the nonlinear forward model and how the problems are solved by using the modified forward model are also discussed in this section. In section 4, the results of VDA numerical experiments with the original forward model and the modified forward model are compared, and the substantial improvement in the VDA by using the modified nonlinear forward model is also demonstrated. Section 5 examines the effect of viscosity on removing the zigzag phenomena in both of the numerical solution and the associated CF. The conclusions and discussions are presented in section 6. Appendix A is the theoretical analysis on the reasons for and the mechanism of the zigzags coming into being in the numerical solution. The elimination of the zigzags by using the intermediate interpolation method is proven in Appendix B.
The analytic analysis
Consider the following idealized model of a partial differential equation with parameterized on-off switches in the source term:
͑2.1͒
where q(t, l) Ն 0 denotes the specific humidity, q* is the saturation specific humidity (called threshold); t is the time variable; l stands for either horizontal variable x (or y) or vertical variable z; a (t, l) , the velocity in the l direction, is a given continuous function with all firstorder partial derivatives continuous; and
Here G is the source term due to the parameterized process and F is the source term due to other physical processes. For simplicity, F and G are assumed to be constants. H ϩ (·) is the Heaviside unit step function defined as
mimicking the on-off switch in the parameterization process.
Hereinafter, we will assume
, which is a compatibility condition. Here F Ϫ G Ͼ 0, which in combination with q o (l) Ͻ q*, ensures that only "on" switches may be triggered during the assimilation window.
We take the CF as
where q(t, l) is the solution of (2.1) and q obs (t, l) is the observation of q (t, l) .
In virtue of the characteristic approach in partial differential equation theory, it can be proved that under the above assumptions there exists a unique continuous and piecewise differentiable solution q (t, l) in the rectangular domain
to the mixed initial-boundary value problem (2.1), which indicates that there is no zigzag oscillation for the analytic solution of the constraining equation (2.1). By both the threshold condition q(t, l) ϭ q* and the implicit function theorem, we know that there exists a continuous on-off switch time curve t ϭ (l) satisfying
Zigzag oscillations and their elimination through the intermediate interpolation method
a. Zigzag phenomenon caused by the traditional time discretization at the switches When time and space are discretized, for any fixed space grid point, the corresponding switch time level is traditionally assigned to the nearest time level after the threshold condition is exceeded, so the discrete form of (2.1) takes the following difference scheme:
where ⌬t is the time step; t k ϭ k⌬t; ⌬l is the space step; l i ϭ i⌬l; k is the time level; i is the space grid point; n(i), the switch time level for the ith space grid point, is determined by
is the total number of space discrete points; and N ϭ T/⌬t the total time levels in integration.
1) For each
3) The difference scheme (3.1) for the hyperbolic equation (2.1) is convergent and computationally steady as long as the following Courant-Friedrichs-Levy condition holds 0 Ͻ ⌬t ⌬l a͑t, l͒ Ͻ 1.
͑3.2͒
The discrete CF is
where
k , the approximation of q and q obs at time t k ϭ k⌬t and space point l i ϭ i⌬l, respectively, are both obtained from the integration of discrete model (3.1).
When using the discrete forward model (3.1) as the constraining equation, the traditional time discretization at the switches can cause terrible zigzags in the associated discrete CF, which is hereafter referred to as CF zigzags. This problem is also discussed by the previous studies (such as Xu 1997b; Mu and Wang 2003, in which, an ordinary differential equation with on-off switches in the forcing term is taken as the constraining equation). This CF zigzag implies nonexistence (in the classic sense) of the gradient of the discrete CF with respect to some ICs, which would introduce difficulties to the VDA.
The behavior of the discrete CF constrained by ( Fig. 1 , the CF zigzags are quite serious. Furthermore, comparison experiments conducted indicate that no matter how the observational data are generated, the CF zigzags exist provided we take the model (3.1) as the constraining equation.
In addition, zigzags can be caused in the numerical solution to (3.1). The reasons for and the mechanism of zigzags' formation are analyzed theoretically in appendix A, and are verified by the numerical result shown in Fig. 2. 
b. Elimination of the zigzag phenomenon
In the following, a method, which is a generalization of Xu's (1997b) intermediate time step approach, is adopted to modify discrete forward model (3.1) in order to remove the zigzag phenomena.
The modified forward model is given as follows.
Here ⌬(i): 0 Յ i Յ M are the intermediate time steps that make the switch times in the discrete forward model more closely match the switch times in the analytic model (2.1), so the model errors caused by the switch times assigned in the modified model (3.4) are smaller than the ones simply assigned in the discrete model (3.1). From (3.5), ⌬(i): 1 Յ i Յ M is a nonlinear function of the corresponding forecast variables, and when a(t, l) vanishes, ⌬(i) becomes the intermediate time step given by Xu (1997b, section 5) .
The result of the numerical experiment, which is shown in Fig. 1 (dashed line) , indicates that the associated discrete CF depends smoothly on the control variable and the awful CF zigzags vanish provided using the modified forward model (3.4) as the constraining equation. Besides, the theoretical analysis (given in appendix B) demonstrates that there would be no zigzags in the solution to (3.4), which is verified by the result of the numerical experiments (Fig. 3) .
Numerical experiments of VDA
In this section, two kinds of numerical experiments of VDA are performed. In the first kind, the discrete for- ward models are (3.1), and in the second, the discrete forward models are (3.4).
The CF is taken as (3.3). The initial observation and the relevant parameters are the same as in Fig. 1 . Suppose the observation is perfect, that is, the observation data q obs (t, l) are generated through integrating the same discrete forward model as the one yielding the forecast variable q(t, l) from the given initial observation q obs 0 (l). In both kinds of experiments, the gradients of the cost functions are obtained by integrating backward the adjoint models generated from (3.1) following Zou's method [i.e., keeping the on-off condition as the same as in the forward model (3.1) by ignoring the perturbation effects]. But the state variables used in the calculation of the gradients are provided by the forward model (3.1) in the first type of experiments and by (3.4) in the second.
Using the optimization algorithm Broyden-FletcherGoldfarb-Shanno (BFGS) (version 2.0, 1989) to search for the minimum of the CF, we obtain the optimization initial conditions for the discrete models (3.1) and (3.4), respectively. Figures 4 and 5 demonstrate that the optimization retrievals using the modified discrete model (3.4) as the constraining equation of the CF are closer to the initial observation than the ones using the unmodified discrete model (3.1).
Figures 6 and 7, respectively, show the descending tendency of the logarithm of the CF and the maximum norm of the gradient during the minimization process of optimization retrievals shown in Figs not only are the optimization results improved considerably but also the computation costs are decreased.
The effect of viscosities on VDA with parameterized on-off switches
In sections 3 and 4, it is clearly shown that the intermediate time step method used in the modified forward model (3.4) cannot only eliminate the zigzag phenomena in the numerical solution of (3.1) and the association discrete CF, but also improve the optimization results of the VDA. This section is devoted to investigate the problem whether the viscosity could play the same role as the intermediate time step method in the VDA with physical on-off processes.
a. The effect of viscosity on the elimination of the zigzag phenomenon
To examine whether an artificial viscosity has the ability to eliminate the zigzag phenomenon, a secondorder diffusion term ‫ץ(‬ 2 q/‫ץ‬l 2 ) is added to the forcing term of the governing equation (3.1) and numerical experiments, with various diffusion coefficients , are conducted. The results show that although the diffusion terms are capable of mitigating the zigzags in the numerical solution of the forward model, they cannot get rid of the zigzags in the association discrete CF, which are demonstrated in the following Figs. 8 and 9, respectively.
b. The impact of the viscosity on the VDA with parameterization on-off switches
In the following, three kinds of the optimization schemes are designed to further investigate the impacts of the viscosity on the VDA with physical parameterization on-off switches: in the first optimization scheme, the original forward model (3.1) is used as the constraining equation of the CF; in the second, the constraining equation is the modified forward model (3.4); and in the third, the constraining equation is the discrete forward model (3.1) with a second-order diffusion term ‫ץ(‬ model, the time step is given as 0.005, and for the forward model with a diffusion term, in order to guarantee the stability and the convergence of the difference scheme, is 0.2 when ⌬t is 0.005, and is 1.0 when ⌬t is 0.001. The statistical information on iterative number, the gradient of CF, the minimum value of CF, and the computation time of the minimization processes of VDA are shown in the following four tables, in which "mean," "min," and "max," respectively, denote the average, minimum, and maximum of corresponding items for the 201 numerical experiments.
The comparison of Table 1 with Table 2 illustrates that when the modified forward model is adopted in the minimization processes, the VDA experiment results have been greatly improved, for instance, the minimum value of the associated CF obtained by using the modified forward model is much smaller than that obtained by using the original forward model (by about seven orders of magnitude), and the time taken by the former is less than one-third of that taken by the latter. When comparing Tables 3 and 4 with Tables 1 and 2 , it is clearly demonstrated that although adding a diffusion term to the original forward model can yield better optimization results, the improvement is much smaller than that by using the modified forward model, the reason being that the zigzags still exist in the discrete CF constrained by the forward model with a diffusion term.
Conclusions and discussions
The physical parameterization processes can induce discontinuous or continuous but not differentiable onoff switches in the forcing terms of the constraining equations. Previous studies (Bao and Warner 1993; Xu 1996; Zou 1997; Mu and Wang 2003) indicated that for a continuous switch in the forcing term, no problem would be generated to VDA when using the adjoint method, while for a discontinuous switch, the situation is contrary, the switch would introduce difficulties to the VDA.
In this paper, using a partial differential equation with discontinuous on-off switches in the forcing term as the constraining equation, the impacts of the numerical treatments at the switches on VDA, as well as the ability of VDA by using the adjoint approach to recover the initial conditions, are investigated in detail. Our conclusions are that when on-off switches are triggered simply at the discrete time levels by a threshold condition in the forward model, zigzags would occur in the associated discrete CF. Besides, the numerical solution of the forward model could contain zigzag oscillations provided the switches corresponding to the different space grid points are located at the different time levels. Further, this traditional time discretization at the switches would still yield poor optimization retrievals in the VDA when using the adjoint method.
To deal with the problems caused by the simple numerical treatment at the on-off switches, Xu's intermediate interpolation method is generalized and introduced to the discrete forward model (3.4). The numerical experiments demonstrate that after the intermediate interpolations, the zigzag phenomena in both the CF and the numerical solution are eliminated. Furthermore, the convergence in the minimization processes of VDA, in which the adjoint model is still constructed from the unmodified forward model (3.1) following Zou's method, is considerably improved and the satisfactory optimization retrievals are obtained.
The issue whether the artificial viscosity method or another smoothing method is capable of getting rid of 
the impacts of the simple numerical treatment of on-off switches on the VDA is also investigated in this paper. The conclusion is that although these methods could make the numerical solution to (3.1) smooth, the reduction of the "model error," which is the difference between the numerical solution and the analytical one, cannot be guaranteed. Consequently, the serious zigzags of the associated discrete CF still remain and can introduce difficulties to the VDA when using the adjoint method. For the idealized model investigated in this study, the numerical experiment results demonstrate that the CF zigzags and the solution zigzags are merely caused by the simple numerical treatment at the switches of the forward model and are not due to the real characteristic of the on-off switch itself. Since the origins of the CF zigzag and the solution zigzag are the same, the reasons for and the mechanisms of the solution zigzags coming into being, as well as their elimination through the intermediate interpolation method, are analyzed theoretically in the appendixes. The issues of whether and how much, if any, the solution zigzag oscillations could affect the results of numerical weather predictions are not clear, which can be studied in the future.
It is worth mentioning that in our VDA experiments, the adjoint models used in the optimization processes are constructed from the unmodified forward model (3.1) following Zou's method. In this case, although the gradient used for seeking the minimum may not be optimal, we can still obtain satisfactory optimization retrievals when we use the modified discrete model (3.4) as the constraining equation. The advantage of this method in practice is its simplicity. But whether this optimization approach is effective in a real complex model still needs further investigation.
In realistic atmospheric and oceanic VDA, physical parameterization processes are very complicated and the switch conditions are not as simple as the one discussed in this paper. This study used an idealized model to investigate the impact of on-off switches on the VDA, the method proposed in this paper to treat the on-off switches builds a basis for the further study of the physical on-off processes in realistic models. How to apply it to the realistic atmospheric and/or oceanic model is a more difficult work, which needs further exploration.
In the following, the reasons for and the mechanisms of the zigzag oscillations coming into being in the numerical solution of the model (3.1) are analyzed.
Given i (0 Յ i Յ M Ϫ 1), the case of n( j ϩ 1) ϭ n( j) for all j: 0 Յ j Յ i, that is, all switches at the former (i ϩ 1) space grid points are located at the same time level.
For this case, it can be recursively obtained from (3.1) that
where A(k Ϫ 1, r) only depends on such terms as First, suppose all the switch time levels are the same except the switch time level at the (i ϩ 1)th space grid [i.e., n( j ϩ 1) ϭ n( j), 0 Յ j Ͻ i and n(i ϩ 1) Ͼ n(i)]. In addition, since switch time curve t ϭ (l) is continuous for 0 Յ l Յ L, we can further require ⌬l small enough such that n(i ϩ 1) ϭ n(i) ϩ 1. Under these assumptions, we can obtain (A.1) and
͑A.3͒
where nonnegative real numbers B(n(i), r) only depend
Both (A.1) and (A.3) indicate that peaks will not be generated as q changes from q i n(i) to q iϩ1 n(i) , but when q changes from q i n(i)ϩ1 to q iϩ1 n(i)ϩ1 , the situation is contrary [i.e., q has a peak for the quantity c⌬t unconstrained by the initial data that appears on the right-hand side of (A.3)].
For the other situations [i.e., n( j ϩ 1) Ͼ n( j) for some j, 0 Յ j Յ i ], by the same reasoning as above, it can be obtained that
where D[n(i) , r] is either 0 or 1 (when r ϭ i) or a product of such terms as
, which are less than 1. Moreover, according to the Courant-Friedrichs-Levy condition:
D(n(i), r) Ͼ 0 always holds. From (A.4), we conclude that the peaks travel with time and space and the earlier peaks are superposed upon the later peaks. But fortunately, the coefficients [1 Ϫ (⌬t/⌬l)a(t p , l s )] and (⌬t/⌬l)a(t p , l s ) do not make those superposing peaks too large.
The above analysis indicates that it is these peaks' interaction and the fact that they are traveling temporally and spatially that causes the zigzag oscillations for numerical solutions of the discrete model (3.1). To verify this theoretical analysis, we plot in Fig. A1 the distribution of the switches for Fig. 2 . By comparing Fig. 2 with Fig. A1 , we can see that if the two switches of adjacent space grid points are located in different time levels, then the switch of the former space point grids (indicated by the larger dots in Fig. A1 ) could cause peaks in the numerical solution of (3.1), which verified our theoretical analysis results.
APPENDIX B

Proof of Elimination of Zigzag in Modified Model
For the modified forward model (3.4), there are no zigzag oscillations in its numerical solution, which is proven as follows.
The first is k ϭ n(i) ϭ n(i ϩ 1). In this case, the following equality holds
The second is k ϭ n(i) Ͻ n(i ϩ 1), and
The third is k ϭ n(i ϩ1) ϭ n(i) ϩ1 Ͼ n(i), and
The last is k Ͼ n(i ϩ 1) or k Ͻ n(i). Now we point out that there is no zigzag oscillation in each case. 2), we know that (B.2) is also expressed in the form of (B.6).
For k ϭ n(i ϩ 1) ϭ n(i) ϩ 1 Ͼ n(i), (B.3) can also be expressed in the form of (B.6) according to the following equality:
For the last case k Ͼ n(i ϩ 1) or k Ͻ n(i), (B.4) has already been given in the form of (B.6).
Note that (B.6) is a recursive formula with respect to the time levels k, from which it is concluded that for each k: 0 Յ i Յ N Ϫ 1, q iϩ1 k Ϫ q i k can be controlled by q 0 (l jϩ1 ) Ϫ q 0 (l j ), 0 Յ j Յ M Ϫ 1.
Since the initial datum q 0 (l) is smooth, it follows that q 0 [( j ϩ 1)⌬l] Ϫ q 0 ( j⌬l), 0 Յ j Յ M Ϫ 1 are all small provided ⌬l ϭ l jϩ1 Ϫ l j is small enough.
From the above analysis, it can be claimed that there are no zigzag oscillations in the numerical solution of the modified model (3.4). That is, the intermediate time step approach eliminates the zigzags.
